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Multigrain type models for propylene polymerization suffer from the drawback that they take excessive 
computer time to predict the degree of polymerization (DP) and the polydispersity index (Q) of the polymer 
produced. An efficient algorithm using adaptive grid-point spacing in a finite-difference technique has been 
developed to overcome this defect. Using this algorithm, we have studied the effects of catalyst deactivation 
as well as multiplicity of catalyst sites, on the rate of polymerization, and on the values of DP and Q. The 
improved algorithm can easily be used to model industrial reactors where additional physicochemical 
effects are present. 
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I N T R O D U C T I O N  

A significant amount  of research has been reported on 
Ziegler-Nat ta  (Z N) polymerizations in the last two 
decades. This is particularly so for the polymerization of 
propylene. Newer developments of high activity catalysts 
are leading to continuous upgrading of technology and 
improvement of product physical properties. An interest- 
ing feature in the study of propylene polymerization 
is that there is no universally accepted theory to 
explain the relatively broad molecular weight distribution 
(MWD)  of the polypropylene formed using some Z - N  
catalysts, several of which are still being used in industry 
today. Actual values of the polydispersity index ( P D I  or 
Q)l-3 range from about 5 to 30. 

A number of theories have been proposed by researchers 
to explain this phenomenon, and these are discussed in 
our earlier paper*. The polymeric multigrain model 
( P M G M )  was proposed in that paper* to predict higher 
PDIs even with single site and non-deactivating catalysts 
under certain conditions, and this can be used in the 
simulation of industrial reactors. However, the computer 
time required for obtaining results using this model is 
very high, even for studies on single catalyst particles. 
This is also true when one uses the multigrain model 
( M G M )  of Floyd et al. 5. The high computational costs 
put severe limitations on the use of these models for 
simulation of industrial reactors wherein additional 
physicochemical phenomena are present, as well as 
making studies on the optimization and control of such 
reactors prohibitive. Also, if one were to study the effect 
of multiple catalyst sites or incorporate diffusional 
resistances of the chain transfer agent (usually hydrogen ), 
the CPU time would increase further by a few times. 
Hence, there is a definite need to study approximations 
and means to reduce computer time without losing 
significantly in terms of accuracy. 

* To whom correspondence should be addressed 

This paper presents a computational algorithm, which 
we shall refer to as the 'clubbed shell algorithm' (CSA), 
which is more efficient than our earlier one (EA) 4, as 
well as that used by Floyd e t a / .  5'6. We have studied the 
effect of various parameters on the polymerization of 
propylene using this algorithm and have compared the 
results obtained with those using the EA, to see how 
accurate these results are. The effects of incorporating 
the diffusional resistance of the chain transfer agent as 
also that of using multisite catalysts have been studied, 
something which could not be done earlier due to 
constraints of computational time. 

F O R M U L A T I O N  

The polymeric multigrain modeP has been developed 
based on the experimental observation I that the catalyst 
is present as small fragments in a polymer continuum 
(see Figure 1 ). This conglomerate of polymer and catalyst 
fragments is called a macroparticle. Monomer diffuses 
from the liquid medium (bulk) in which the macro- 
particles lie, to the surface of these macroparticles 
through the liquid film around them. The following 
partial differential equation accounting for diffusion as 
well as reaction, is obtained for the concentration, M, of 
the monomer at any radial position, r, and time, t, in a 
single spherical macroparticle: 

~ M - D ~f r2 Or \ - JI ( la )  
Ot 

at r = 0, 
t3M 

- 0  ( lb)  
Or 

OM 
o o ~ r  = k~(M~- M) (lc) at r = RN+2, 

at t = 0, M = M b ( ld )  

Here ~ is the net rate of consumption of monomer per 

0032-3861/92/071477439 
© 1992 Butterworth-Heinemann Ltd. POLYMER, 1992, Volume 33, Number 7 1477 



Simulation of propylene polymerization: P. Sarkar and S. 

-]Rhpo 
E. G.d Po,.,.~, r61 v T,. "v N.,' 

, \ : \/: 

Clubbed Sh~,,~:C:12 q R=,= h i 
R¢,I I I 

I I 

CSA Grid Points Ar¢,I ,'2, Are, 2 ~13 i,::: 1,N,, ' 

N*2 

R h c,N¢ 
NC*2 

Figure 1 Polymeric multigrain model with clubbing 

unit macroscopic volume at any position, RN+ 2 is the 
radius of the macroparticle, k~ is the mass transfer 
coefficient characterizing transfer of the monomer from 
the bulk, at concentration m b ,  tO the macroparticle 
surface, and Def is the effective monomer diffusivity inside 
the macroparticle. The other terms are as defined in the 
Nomenclature. Since, in this model, the catalyst frag- 
ments are assumed to be in a continuum of polymer, 
there is no macroparticle porosity term in equation ( la) ,  
in contrast to that in the multigrain model of Floyd et 
al. 6. However, to account for the resistance due to the 
presence of the solid catalyst fragments, an effective 
diffusivity is used in this equation. This coefficient is 
computed by multiplying the diffusivity, D x, of monomer 
through pure polymer with a correction factor equal to 
the area-fraction (approximated by the volume fraction 
or alternatively, by (volume fraction) 2/3 ) of polymer in 
the macroparticle at any radial location. Thus, Def is a 
function of r as well as t. 

The rate term, ~ ,  in equation ( la)  is computed using 
the more detailed particulate picture of the macroparticle. 
The catalyst fragments are assumed to be located in 
different spherical shells, as shown in Figure 1. It is 
assumed that as polymerization progresses, the polymer 
produced by the catalyst particles in any shell is 
accommodated in that shell itself. Thus, the shells not 
only expand outward with time, but also become thicker. 
There are N + 2 grid points associated with the N shells. 
The finite difference technique for unequally spaced grid 
points 7 can be applied at the ith grid point to reduce 
equation ( la)  to a set of N + 2 ordinary differential 
equations (ODEs) for the concentration, M ,  of the 
monomer at this location. The corresponding rate term, 
~ ,  at this location, can easily be written using the kinetic 
scheme shown in Table 1. ~ will incorporate M~. The 
set of N + 2 coupled ODEs for Ms so obtained can easily 
be integrated with the help of a library subroutine using 
Gear's technique. It must be emphasized that while 
carrying out this integration over a time period, At, the 
grid points are assumed to be 'frozen', i.e. the polymer 
produced in this time interval does not increase the 
particle (and shell) size. The detailed equations are given 
in our previous paper 4. 

If one were only interested in the monomer concen- 
tration profiles in the macroparticles, one could carry 
out the above integration, and update (accommodate) 
the polymer produced in each shell after every time 
interval, At (see Appendix 1 ). However, if one were also 
interested in obtaining the number average chain length, 
D P ,  and the polydispersity index, Q~, of the polymer in 

K. Gupta 

each shell as a function of time, as well as their mean 
values over the entire particle, more detailed equations 
would be required. Balance equations for 2o,i, 21,i, 22,i, 
Ao,. Ax,s, A2,s and PI , .  as given in Table 1 (equations 
( f ) - ( j ) ,  (r)) must then be solved for each of the N shells. 
It is easily seen that even for a moderate value of the 
number of spherical shells, say 20 to 50, the number of 
ODEs which need to be solved simultaneously becomes 
prohibitively large (8N + 2). 

We found in our previous work 4 that we can reduce 
the computational time without sacrificing accuracy of 
results, if we decouple the equations for M s from the 
equations for the seven other variables (moments~ and 
PI,~). We first solve the N + 2 ODEs for Mi for a time 
interval, At. Then, we use this monomer concentration 

Table 1 Kinetic scheme, rate and moment equations (QSSM used) 

Initiation : 

kp 
Po + M ' P1 (a) 

Propagation : 

kp 
P.  + M ' P.+I (b) 

Termination : 

ktr 
P.  + 1/2H 2 , D. + Po (c) 

Material balance b : 

dP.=dt kpM[ P"- t  - l~- P " ] ;  

dD. = kpMP.[1/~t - 1] ; 
dt 

d2~ 
- -  = C1 - C421 
dt 

d22 
= C1 + 2C321 - C4~. 2 ; 

dt 

dAo 
= C4(C5 - C7) 

dt 

dA1 = C4(21 - Cv) 
dt 

dA2 
- -  C 4 ( ~ .  2 - -  C 7 )  ; 

dt 

where 

n = l , 2  . . . .  

n = l , 2  . . . .  

2j = - ~ niP., j = 0 , 1 , 2  . . . .  
n = l  

Aj =- ~, nJD., j = 0 , 1 , 2  . . . .  
n = l  

(d) 

(e) 

(f) 

(g) 

(h) 

(i) 

(J) 

Ca = kvC*M(3600) (k) 

C2 = (kpM + k,,H~/2)(3600) (1) 

Ca = kpM(3600) (m) 

C 4 = ktr H1/2 (3600) ( n ) 

C5 = C~/C~ (o) 
C 7 = Cs(1 - C3/C2) (P) 

kpM 
c~-= (q) 

kpM + ktrH~/2 

aQuasi Steady State Approximation (QSSA) applied for 20 and P1 
(d2o/dt = 0, dPa/dt = 0) gives 

20 = C1/C 2 (r) 

P1 = C1[C2 - C3]/C 2 (s) 

The latter has already been substituted in equations ( f ) - ( j )  
bSubscript i indicating shell number on M, 21, 22, A o, A~, A 2 not 
indicated 
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Table 2 Equations for monomer concentration of the CSA 

dM~. l  _ 6Def. 1 (M¢.2 - Me. 1 ) - . ~  (a) 
dt (Arc.l) 2 

' -  ' M 1 dM~i 2D~fl M~,i+l + ~.i + ¢,i-1 - - ~ i ;  i = 2 , 3 , . . . , N ~ +  l (b) 
dt Ar¢,i + Arc,i-  1 ,i Ar¢,i Ar¢,i 1 Are,i-  a t~,  

dM¢'N¢+2- M V 2kl 2Def'N¢+2 2kl 1 F 2Der'N:+2 1 M / 2k1 2k1 
°,No+ZLAro,No+I ~ ( A r ¢ , N o + l ) 2 + ~  + M c N + I  - - 2  + b + - - ~ v + 2  (C) o,No+=/ '° L(Aro.~o+I)J \Aro,uo+, R:,N~+z / '° dt 

~l  = ~No+2 = 0 (d) 
~ i  = ( 3 6 0 0 ) k p C * M ¢ , I [ V ~ ¢ - l ] / [ V ~ , i - I ]  (for single site) (e) 

~ i  (3600)(k~C* 2 , . . . .  = + k p C E ) M ¢ , i [ V c , i _ l ] / [ V e . i _ l ]  (for two-site) i = 2 . . . . .  N~ + 1 (f) 

Def. 1 = Def,Nc+ 2 : D 1 (g) 
[ v~.i - v~?'] 

D,f.i+l D 1 (h)  
V~,i 

profile (assuming it to be essentially unchanged during 
At) in the equations for the six moments at point i, and 
PLi, as well as in the equations for the amount of polymer 
formed at i, and integrate these equations over time At, 
shell by shell. This algorithm (referred to here as the 
earlier algorithm, EA), invoking the decoupling of 
equations, also takes a large CPU time, since one has to 
solve a set of seven ODEs, N times (one for each shell) 
after solving N + 2 ODEs for M~ (one for each grid 
point). The need for developing even more efficient 
computational methods than the EA to solve these 
equations is, thus, evident. 

One possibility which suggests itself is that we club 
together the spherical shells (computationally), into a 
lesser number, N¢, of 'clubbed shells', and thus reduce 
the computational effort. This, in fact, is the essential 
spirit behind the finite-element and adaptive mesh tech- 
niques 7 which have become quite popular in chemical 
engineering. In fact, we could club together fewer 
spherical shells in regions where the monomer concen- 
tration varies significantly with r, and several shells can 
be put together where the variation of monomer 
concentration with location is not as severe, thus reducing 
computational costs tremendously while not sacrificing 
numerical accuracy of results. 

Indeed, a good test of our present algorithm using 
clubbing would be the case where the diffusivity of the 
monomer is low (D 1 = 0.5 x 10 -12 to 10-12m2s-1).  
For this case, a steep monomer concentration profile 
exists 4 near the surface of the macroparticle. The majority 
of the polymer is formed in these outer shells since a 
larger number of the catalyst fragments are present there, 
and the monomer concentration, too, is higher in this 
zone. The fact that our algorithm (referred to as the 
clubbed shell algorithm, CSA) satisfies this relatively 
severe test is proof of its efficacy. Figure 1 shows how the 
original shells in the EA are clubbed together. Appendix 1 
gives the locations of the grid points to be used in the 
CSA, as well as the procedure for updating them. 

Another improvement in the algorithm is the use of the 
quasi steady state approximation (QSSA, i.e. d/dt  = O) 
for Pl,i and i-o.v This leads to algebraic expressions for 
these variables (instead of ODEs) as given in Table 1 
(equations (r) and (s)). It has also been observed that 
when values of the diffusivity, D1, are relatively high 
(10- lo to 5.0 × 10- lo  m 2 s-  1 ) the time constants for 21, ~ 
are such that the QSSA can be applied to this variable 

Table 3 Flow chart for CSA 

f 
EA 

Read  d a t a -  R o , N , N c , k p , C e , M b , D l ,  ] 
Pp ,Pc ,R t r ,  xt • N s , t l , t z , t ~ , t  4 I 

1 

C a l l  DOZEBF b e t w e e n  t & & t  
t o  s o l v e  N+Z  OOE's  f o r  M 
f o r  a l l  t h e  g r i d  p o i n t e  • 
(EA) 

yes no 

C a l l  OOZEBF C a l l  O0ZEBF 
N =N t imes N =N times 

f o r  = 7 0 D E ' s  f o r  • 5 0 D E ' s  

I I 
i t= i t+ l  [ 
t=t+&t 

I 
C o m p u t e  r t , A r ~ . X  i for all N (EA)  s h e l l s  ] 

i 

no . . ~ i a . ~ _  y e s  CSA 

Reduce N s h e l l  t o  N c by 
c l u b b i n g  and r e d e f i n e  g r i d  
p o i n t s .  I n t e r p o l a t e  M 

and compute  i g ¢ ' '  
& r  , X ,  ( A p p , J )  

l 
c a l l  DO2EBF b e t w e e n  t & A t  
t o  s o l v e  NO+2 eq .  for  He, i 

I 
I n t e r p o l a t e  H for all t h e  
N EA s h e l l s  oo@ 

• oT:P,°gg~,o : - ' " °×P=:  I :  

I l n t e r p o l a t e  k t , A f o r  N EA s h e l l s  I 

Comput~ ~,W{~T f o r  t h e  p a r t i c l e  
u s i n g  e q n .  Z i n  t h e  t e x t  

as well (to give 21 = C1/C4). This can lead to a further 
reduction in computer time. 

The set of equations to be solved using this CSA is 
given in Table 2. The detailed flow diagram is given in 
Table 3. In the CSA, the EA 4 is used with a larger number, 
N + 2, of grid points, for a short time, 0 ~< t ~< t2, with 
all seven equations for the moments and P1 being 
integrated at each shell. In this interval, a smaller value, 
At1, is used in 0 ~ t ~< tl, while a larger A t  2 is used for 
t I ~ t ~ rE, to avoid oscillations in the results. Thereafter, 
for t 2 ~ t ~< t3, the EA is used with the QSSA applied to 
the equations for 20, i and Pl,i. In the range t 3 ~< t ~< t 4, 
clubbing of shells is used to solve a lesser number, N c + 2, 
of ODEs for the monomer concentration, Me, i. The 
concentration of the monomer at the midpoints of each 
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of the original N shells is then found by linear, polynomial 
or cubic spline interpolation, depending upon the 
parameter values. The five moment equations in each of 
the original N shells are obtained by integration. This 
information is used to calculate the DP and PDI in each 
of the original N shells. Finally, for t > t4, the equations 
for M¢.~ and the set of five equations for the moments 
are integrated at N c + 2 and N c points respectively, i.e. 
clubbing has been used for the diffusion equation, as well 
as for the moment equations. The moments are interpo- 
lated to give the values in each of the N original shells, 
and values of DP~ and Qi are evaluated, along with their 
particle-average values. 

The results obtained using this new algorithm compare 
well with our earlier results 4, with the advantage that 
there is a considerable reduction in the computational 
costs. This enables one to study several other effects at 
reasonable costs. For example, the algorithm is used to 
study the effect of multiple catalyst sites on the MWD 
broadening. In this case the reaction term, ~ ,  gets 
modified. Also, the set of moment equations is solved 
twice (once for each of the two kinds of catalyst sites 
considered here) for every monomer concentration 
profile. DP (or M,)  and PDI (= Q) are calculated using 
the following equations: 

Mtk) _ 2~[~ + A(lk)~ (MW ) (2a) 

] t , f  ( k )  = ~(2k)i + A(2k~,. 
-.-w,, 21k) + AiR. ~,. ( M W )  (2b) 

1 
Mn,i Z ~  s- 1 u'(k) / ~,[(k) ( 2C ) 

"v i  I ~ ' ~ n , i  

M~ i ~ w(k) h,4 (k) (2d) 
, ~ " ' i  " - w , i  

k = l  

Qi = Mw.i/M,,i (2e) 

1 )~r = (2f) 
EL 1 wi/ Mn,i 

N 

ffI~, = ~ w,Mw,i (2g) 
i=1 

PDI = Q = Mw/J~r. (2h) 

where (k) denotes the kth kind of active site, i denotes 
k is the ratio of the mass of polymer the ith shell, wi 

produced by the kth site in the ith shell to the mass of 
polymer produced by all sites in that shell, and wi is the 
ratio of the mass of the polymer (from all sites) in the 
ith shell to that in the entire macroparticle. Ns is the 
number of types of catalyst sites present. 

The effect of diffusion of the chain transfer agent has 
been neglected in most earlier studies. But in a number 
of cases this may not be so. For example, if the diffusivity 
of monomer through the polymer is small, then the 
monomer concentration in the bulk of the macroparticle 
becomes quite small and remains so for quite some time. 
In this region, the concentration of the chain transfer 
agent (hydrogen) may be even higher than the monomer 
concentration. This leads to an abnormally high PDI and 
consequently very low DP in the bulk of the particle. 
The results are obviously erroneous. However, for 
moderate or low diffusivity values of the monomer, the 
effect is negligible. Using our program we have obtained 
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results incorporating the diffusion of hydrogen, taking 
its diffusivity higher than that of the monomer. In this 
case, the diffusion equations need to be solved twice (for 
monomer and hydrogen). The decay of catalyst activity 
has also been incorporated in this study and interesting 
results are obtained. 

The CS algorithm thus provides a wide range of choices 
in the simulation of polypropylene reactors at low 
computational costs. 

RESULTS AND DISCUSSION 

A reference set of values for the parameters is chosen and 
results obtained using both the EA and from the CSA 
are compared. These parameters are given in Table 4. It 
has been assumed in the reference run that the catalyst 
fragments are of the same size in each shell. The 
parameters are selected so as to have relatively severe 
diffusional limitations (D1 = 10-12 m 2 s- 1 ) in a moderate 
sized catalyst particle (initial radius of the catalyst 
particle before fragmentation, R o =  1.15 x 10-Sm).  
This was done purposely to show that even with a 
relatively steep monomer concentration profile (see 
Figure 2), the clubbed shell algorithm predicts values of 
DP, Q and rate of polymerization (Figure 3) which are 
close to those obtained by the EA. One notes, therefore, 
that even for the reference conditions the CSA works 
fairly well. The CPU time taken for the reference CSA 
run was only 7 s on a supermini HP9000/850S as 
compared to 87 s using the EA. CPU times for other 
cases studied are given in Table 5. It is evident from 
Figures 2 and 3 that values of DP and Q are more sensitive 
to the use of CSA, than are the monomer profiles or rate 
of polymerization. 

We also tried using effective diffusivity = D1 x (volume 
fraction of polymer) 2/3, instead of Dx x (volume frac- 
tion). Figure 3 shows that this leads to slightly lower 
values of DP and Q in the early stages of polymerization 
only. The rate and monomer profiles are quite insensitive 
to the form of the equation used for the effective 
diffusivity. 

Table 4 Reference values  of the pa rame te r s  and  cond i t ions  

P a r a m e t e r  Value 

D 1 1 x 10-12 m 2 s -  1 
M b 4.0 x 10 s m o l m  -3 
R o 1.15 x 10 -5 m 
Re, / 2.0 X 10 -7 m 
C* 1.0 mol  site (m 3 c a t ) -  1 
kp 0.50 m s mol  s i t e -  1 s -  1 
ktr 0.186 m 3/2 m o l -  1/2 s -  a 
H2 1.0 mol  m -  s 
k 1 1.0 x 10 - s  m s  -1 
N 36 
N¢ 9 (five or ig ina l  shells in each of the inner  six c lubbed  

shells,  two in each of ou te r  three shel ls)  
900 kg  m -  s 
2260 kg  m -  s 

L inear  

PP 
Pc 
In t e rpo l a t i on  

C o m p u t a t i o n a l  pa rame te r s  : 
At1 10 -4  h 
At2 10 -3 h 
t 1 0.002 h 
t 2 0.005 h 
ts 0.24 h 
t4 0.25 h 
Tol  0.0001 
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- -  CSA 
- - -  EA 

t , h r  

0 .5 1 
Dimensionless Radius 

Figure 2 Comparison of monomer concentration profiles with ( ) 
and without ( - - - )  clubbing at 0.1 h, 1 h and 2 h. Reference values of 
parameters used. No difference between EA and CSA results seen for 
t = 0 . 1  a n d 2 h  

rate of polymerization. For  even higher values of D~ 
(10-~°-10  -1~ m2s-1 ) ,  results generated with At1 = 
At2 = 0.01 h, and t~ = t 2 = t 3 = t 4 = 0.01 h are quite 
accurate. The CPU time falls drastically to about 0.6 s. 
Use of D1 x (volume fraction) 2/3 for the effective dif- 
fusivity leads only to imperceptible changes in all these 
results. 

The effect of deactivation of the catalyst has been 
examined using this improved algorithm. First-order 
deactivation of the catalyst, described by 

kp(t) = k ° e x p ( - t / 2 ' )  (3a) 

tl/2 = ,~,' In 2 (3b) 

is used. In equation (3), k ° is the catalyst activity at t = 0, 
and 2' is the first-order deactivation constant related to 
the half-life, tl/2. Results are shown in Figures 5 and 6. 
CSA results for the reference run are shown henceforth, 
wherever presented. It is seen that the PDI shows an 
increase after an initial fall for highly deactivating 
catalysts. A similar observation was made by Keii et al. 9. 
DP shows a maxima for such systems, at about the same 
time as Q shows a minimum. Figure 6 shows that 
deactivation leads to a maximum in the polymerization 
rate (decay type behaviour 1°) as opposed to acceleration 
type behaviour ~° (curve a) in the absence of catalyst 
decay. Values of Q are observed to go up to about six. 

12 0 20 

31 6 - -  ~; ".. 

1 I1: 

0 ~ 1 I I [ 1 I I I I 12D 0 

T i r n e , h r  . t 

0 ~ 200 L10  
Figure 3 Comparison of (~ (a), R/R  o (b), DP (c) and rate (d) 0 1 
obtained with ( ) and without ( - - - )  clubbing. Reference values 
of parameters used. - - - - - -  shows results when D1 x (volume 
fraction) 2/3 is used to estimate effective diffusivity 

For moderate values of the diffusivity (D 1 = 10 -1~ 
m 2 s - l ) ,  and with kp = 1 m 3 mol -  1 s -  1 and H 2 = 
1.5 mol m -3, one can use At I = At 2 = 0.001 h, t~ = t 2 = 
0 . 0 0 2  h ,  t 3 = 0 . 0 0 4  h ,  t 4 = 0 . 0 0 4  h ,  i.e. we switch over to 
clubbing for both monomer and the moment equations 
quite soon, without sacrificing accuracy (see Figure 4). 
These conditions are more typical of real systems. Results 
for the case when the radii of the catalyst fragments in 
the different shells are randomly 8 distributed (average 
value = 2 x 10 - 7  m, Rma x = 2.5 x 10 -7 m, but with R 0 = 
reference value) and D 1 = 10 -11m2s  -1, kp=  i m 3 
mo1-1 s -1, H2 = 1 .5mo lm -3, are also shown in this 
figure. It is observed that the introduction of particle size 
distribution leads to only slight increases in DP and 

T i m e  , h r  

Figure 4 Comparison of Q, DP and rate with ( ) and without 
( - - - )  clubbing for D 1 = 1 x 10 11 m 2 s - i  kp = 1 m 3 mol site 1 s - l ,  
and H 2 = 1.5 mol m -3. Other parameters are the same as reference 
values. Results with radius of the catalyst fragments randomly chosen 
(mean radius=2 x 10 -7m)  and D 1=  10-11m2s 1, kp=  l m 3 m o l  
site-1 s-1 also shown ( . . - - ) .  (~ for the latter are indistinguishable 
from CSA values 

Table 5 C P U  time (HP9000/850S) for the reference run 

Algorithm CPU time (s) 

EA (without QSSA, single site) 
EA (with QSSA, single site) 
EA (with QSSA, double site) 
CSA (without QSSA, single site) 
CSA (with QSSA, single site) 
CSA (with QSSA, double site) 

110 
87 

150 
25 

7 
11 
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lo[ o b 14 
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Time,hr 

Figure 5 Effect of first order deactivation of catalyst on Q ( - - - )  and 
DP ( ); (a) no deactivation; (b) tl/2 = 1.5 h; (c) tl/2 = 0.5 h; (d) 
tx/2 = 0.25 h. CSA results for (a) shown 
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Figure 6 
no deactivation ; (b) t l /2  = 1.5 h; (c) tl/2 = 0.5 h; (d)t~/2 = 0.25 h 
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Effect of first order decay on the rate of polymerization : (a) 

Another interesting point of investigation is to see the 
effect of hydrogen (chain transfer agent) diffusion in the 
polymer particle. Many researchers ~ have mentioned 
this phenomenon, but so far the effect has not been 
investigated quantitatively. For  low values of D1 or high 

K. Gupta 

values of R o, it was observed (Figure 2) that the values 
of M; near the centre of the macroparticle are quite small. 
In fact, in this region, M i is even lower than the 
concentration of hydrogen (assumed constant in the 
reference run). The values of DP obtained in this region 
are less than one, and do not represent realistic values. 
Figure 7 shows the values of Q and DP for three different 
values of hydrogen diffusivity, D h. It may be noted that 
if we increase the hydrogen concentration keeping Dh 
constant (at ~ ,  curve d, Figure 7), DP decreases 
substantially, while Q increases to some extent. This leads 
us to the observation that one can control DP keeping 

essentially unchanged, by changing the concentration 
of the chain transfer agent. 

One of the more important parameters is the initial 
catalyst radius (before fragmentation), Ro. Yet, it is 
surprising that earlier researchers have not studied the 
effect of changing this parameter. If we examine Figure 8, 
we see that a small change in the initial catalyst radius 
from 10 #m to 13/~m changes the product Q from 3 to 
4.8, and DP drops from about 4600 to 2500. Also, both 
the growth rate and the rate of polymerization decrease 
considerably. Thus, we conclude that the average catalyst 
particle size plays an important role in deciding whether 
the polymerization process becomes diffusionally limited 
or not. In fact, it can be shown that with a monomer 
diffusivity as high as 0.5 x 10- ~o m 2 s-  1 and a catalyst 
radius of 20#m (reference value 11.5 #m), a Q higher 
than 2 can be obtained. 

The CSA has enabled us to investigate the effect of 
using a catalyst with multiple activity sites. Table 5 
indicates that the CPU time with two catalyst sites is 
only 11 s. Many researchers ~2-~v have concluded that 
multisite activity catalysts are the main reason for the 
excessive breadth of the MWD. In order to compare the 
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Figure 7 Effect of diffusion of hydrogen on Q ( - - - )  and DP ( ) 
with (c) D h = oo (reference); (b) D h = 1.0 x 10 -11 m 2 s - l ;  (a) D h = 
5.0 x 10-12 m 2 s - t .  Hydrogen concentration = 1.0 mol m -3. Results 
for hydrogen concentration of 3.0 tool m -a with D h = oo also shown 
(curves d ) 
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F igure  8 Effect o f  in i t ia l  ( un f ragmen ted )  catalyst rad ius  (Ro)  on Q, 
DP, R/R o and rate o f  po lymer iza t ion .  R o = (a )  1 x 10 -s  m;  (b )  
1.15 x 1 0 - S m  ( re f . ) ;  (c)  1.3 x 1 0 - S m  
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F i g u r e  9 M o n o m e r  concentrat ion profile and shell DP for multisite 
catalyst wi thout  decay. D 1 = 1 0 - 1 1 m 2 s  -1, t =  1.0h.  (a)  keZ = 3 ,  
k 2 = 7, C* = 0.1, C* = 0.1; (b)  k~ = 1, k 2 = 9, C* = 0.1, C* = 0.1; 
(c) k~ = 0.5, k 2 = 5, C* = 1, C* = 0.1. kp are in m 3 mol site-1 s -  1 and 
C* are in mol site m -  3 

results of the multisite with those of the single site catalyst, 
we have obtained results using 1 . (kpC1 + k2C *) to be the 
same as the kpC* value for the single site catalyst. This 
was done to obtain similar monomer concentration 
profiles for the two cases (see Figure 9). The monomer 
diffusivity has been taken as 10 -11 m 2 s -1 (instead of 
10- 1 2  m 2 S- 1 as for the reference run). This value is taken 
since the single site catalyst gives values of Q close to 2 
under these conditions. It is observed that even though 
the three multisite catalysts considered (cases a, b, c) 
lead to similar monomer concentration profiles in the 
macroparticle (Figure 9), the values of DP and Q (Figure 

10) differ substantially. The larger is the difference in the 
k~ values, the higher are the values of (~, and the lower 
are the values of DP. We also generated results using 

keC~ is not the same) but keeping k~ and different C* (Y~ i , 
k 2 unchanged. Again, significant differences in DP and 
Q are observed. Figure 10 shows how the introduction 
of multisite activity of the catalyst leads to higher values 
of Q than predicted under similar conditions for single 
activity catalysts. Figure 10 also shows the effect of 
deactivation on the polymerization of propylene with 
multisite catalysts. Even further increases in the values 
of Q are observed. 

CONCLUSIONS 

The polymeric multigrain model has been made compu- 
tationally more efficient by using clubbing of shells. The 
algorithm is then used for analysis of the effects of the 
diffusion of the chain transfer agent, multiple site activity 
of the catalyst, deactivation of the catalyst, etc. The CPU 
times are reduced substantially. The algorithm can now 
be used for the simulation of different types of poly- 
propylene reactors (e.g. continuous liquid slurry, liquid 
pool or fluidized bed) where additional physicochemical 
effects are present, and more extensive computations are 
necessary. This work is in progress. Analysis of the effects 
of the various parameters reveals that: 

(1) With single site catalysts, larger initial catalyst 
particles can give rise to high PDIs even with higher 
monomer diffusivities. 

(2) With single site catalysts, high deactivation rates 
can result in broader MWDs and decay type rate curves. 

(3) The effect of catalyst fragment size distribution is 
relatively unimportant provided the initial size of the 
macroparticle is the same. 

(4) Multisite catalysts can produce polymer with high 
PDIs, even with high monomer diffusivities. 
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NOMENCLATURE 

C* Catalyst active site concentration (=2o + Po) 
(mol m - 3 catalyst) 

C* Catalyst active site concentration for site i 
(mol m-  3 catalyst) 

Def,i Effective macroparticle diffusivity at ith grid 
point (m 2 s- 1 ) 

D. Concentration of dead polymer chains having n 
monomer units (tool m -3 catalyst) 

D~ Monomer diffusivity in pure polymer (m 2 s -~ ) 
DP Degree of polymerization 
H 2 Hydrogen concentration (uniform inside macro- 

particle) (mol m-  3 ) 
k~ Propagation rate constant for site i (m 3 tool - ~ s- 1 ) 
kl Liquid film mass transfer coefficient (m s -1 ) 
ktr Chain transfer rate constant for H 2 

(m  3/2 mol- 1/2 S-  1 ) 

M~ Monomer concentration in the large particle at 
the ith grid point (in EA) (mol m - a )  

Mc,~ Monomer concentration in the large particle at 
the ith grid point (in CSA) (mol m -3) 

M b Bulk monomer concentration (mol m-3)  
M(k! Number average molecular weight of polymer n,l  

produced by the kth catalyst site in the ith shell 
M.,~ Number average molecular weight of polymer in 

the ith shell 
M. Mean number average molecular weight of 

polymer in the macroparticle 
Mtk). Weight average molecular weight of polymer in W,I 

the ith shell produced by the kth catalyst site 
M~ Mean weight average molecular weight of polymer 

in the macroparticle 
MW Molecular weight of monomer (g tool- 1 ) 
N Number of EA shells 
N¢ Number of clubbed shells 
N~ Number of catalyst fragments in ith shell (in EA) 
P Concentration of empty sites (mol m-  3 catalyst) 
P. Concentration of sites with a growing chain of n 

monomer units attached (molm -3 catalyst) 
Mean polydispersity index of polymer in the 
macroparticle 

K. Gupta 

r Radial position (m) 
R Radius of macroparticle at any time (m) 
R Average radius of catalyst fragments (m) 
Rc, ~ Radius of catalyst fragment in ith shell, by 

random number generation (m) 
Ro Initial (unfragmented) catalyst particle radius 

(m) 
~i Rate of reaction per unit volume at ith grid point 

of the clubbed shell (mol m -3 h -1 ) 
t Time (h) 
V~,] t Volume of catalyst in the ith clubbed shell (m 3) 
V~,~ Volume of the ith clubbed shell (m 3) 

Greek letters 
Probability of propagation 

2 Moment of live polymer 

A Moment of dead polymer 

Pc Density of catalyst (kg m-  3 ) 
pp Density of polymer (kg m- a ) 
e* Void fraction for closed packed spheres (0,476) 

APPENDIX 1. SUMMARY OF 
EQUATIONS USED 

Earlier algorithm (see ref 4 for more details) 
N 1 = 1 (AI.1) 

N i -- 6(1 -- e*) Re, i q- 2 Re, j Jr" Re, i R2,i; 
j=2 

i = 2 , 3  . . . . .  N (A1.2) 

( 4n R:.,)(MW)(At)/pp; AV~ = 3.6keC*Mi+ 1 N i l -  

i =  1,2 . . . . .  N (A1.3) 

V,(t + At) = V,(t) + AV,; 

Vi( t = O) = ( 4~R~.i/ 3 )Ni/ (1 - e*); 
i =  1,2 . . . . .  N (A1.4) 

i 
Rh,o = 0; 4nR3,i/3 = E Vj; 

j = l  

i =  1,2 . . . . .  N (A1.5) 
N 

3.6(MW)kpC* ~ (N,R3~,iMi+I) 
Rate - N i=1 (A1.6) 

i= l  

Clubbing of EA shells 
The N EA shells are grouped into larger clubbed shells. 

The first six clubbed shells contain five EA shells each, 
while the outer three clubbed shells contain two EA shells 
each for (N = 36, see Figure 1). Again, the concept of 
hypothetical spheres of radius, R~,i is proposed. A 

h h 
Re,i, hypothetical clubbed shell, Re, i_ 1 <~ r <<. is such that 

it accommodates all the polymer (and catalyst ) produced 
by the catalyst fragments inside it. It is easy to see that 
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R~h/is related t o  Rh,  / • 

Rhe,i = R h , 5 1 ,  i = 1, 2 . . . . .  6 

Reh,7 = Rh,32  
(A1.7) 

Rh, s = R h , 3 4  

Rch,9 ---- Rh ,36  

The finite difference grid points in the CSA are assumed 
to be placed at the mid points of the hypothetical clubbed 
shells (see Figure 1). The grid point locations are thus 
given by : 

Rg,1 ---- 0 

Rgc,z = R~,I/2 
g h Re , i+  1 Re, i_  1 d- ( Rhe,i la = - R e , / _ ~ ) / 2 ;  (A1.8) 

i = 2 , 3  . . . . .  Ne 
h 

Rcg,Nc + 2 = Re,No 

and the distances between the grid points (which also 
change with time) are given by: 

Arc, 1 = R~,l/2 

Are,  / g . . . . ,  = R e , i +  1 - -  Rge,i, i = 2, 3, N e + 1 (A1.9) 

The volume, eat Ve,/, of the catalyst in any clubbed shell 
is obtained by adding up the corresponding volumes in 
the individual EA shells which are clubbed together: 

n2(1) 
V~"~ t = ~ 47zR3,jNj/3; i = 1,2 . . . .  , N  e (AI.10) 

j=nl(i) 

where nl ( i )  and n2(i ) indicate the EA shell numbers 
contained in the ith clubbed shell. Similarly, the volume 
(polymer and catalyst), of the ith clubbed shell is given by 

V~, 1 = 4rc(R~,x)3/3 

V~,I 4~[(Rhl )  3 h = - - ( R e , i _ 1 ) 3 ] / 3 ;  i = 2 , 3  . . . . .  N e 

(AI . l l )  

In the clubbed shell algorithm, in the time interval 
t3 ~< t ~< t 4, the ODEs in Table 2 for Me, i (i = 1,2 . . . .  , 
N c + 2), are integrated between time t and t + At, 
assuming that the shells do not grow in that interval. 
The values of M/a re  then obtained at the mid points of 
the EA shells by interpolation, and equations (A1.3) and 
(A1.4) are used to obtain the amount  of polymer formed 
in each of the EA shells. The values of Rh,i for the EA 
shells are obtained using equation (A1.5). Equation 
(A1.7) can then be used to get the new locations of 
the clubbed shells. In between these computations, the 
moment equations in Table 1 are solved in each of the 
EA shells, using interpolated M/. For  t/> t4, both 
the equations for Me,/and the moments are obtained at 
the clubbed-shell grid points. The monomer concen- 
tration is obtained at the EA grid points by interpolation, 
and the new values of Rh,/, etc. obtained as earlier for 
t 3 ~< t ~< t 4. The moments at the clubbed shell grid points 
are then interpolated to give values at the EA grid points. 
These are used along with the amount of polymer present 
in each of these EA shells to obtain M,,/, Mw, i, Q/, etc., 
and their particle-average values. 
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